Answer sheet for Assignment 02 - MPZ 3132

01 (a)
i). In symbolic form the given equation may be written as
(D? — 4D +4)y = x* + e* + cos 2x
The auxiliary equation is
(m?>—-4m+4)=0

(m—-2)2=0

am =22 (05)
So complementary function is
Y, = (Cy + Cyx)e** (05)

Where C;, C, are arbitrary constants.
Particular Integral is

_ x?+ e* +cos2x
o= (D2 — 4D + 4)
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Putting (D? = —22)
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1, x 3 . 1
Yp=Zx +E+§+ e —gsm2x(30)
Hence, the required solution of the given equation is
Y=Y, +Y,
x2 x 3 1 .
Y=(Cl+sz)ex+I +E+§+ ex—gsmz,\c (05)
i).
2
%—6%+9y=1+x+x2

In symbolic form the given equation may be written as
(D?—-6D +9)y = 1+x +x?

The auxiliary equation is

(m?—6m+9)=0



(m—-3)%2=0

~m=33 (05)
So complementary function is
Y. = (Cq + Cyx)e3* (05)
Where C;, C, are arbitrary constants.
Particular Integral is
1+ x+x?
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_ 1 ) X 1
“o-3" T -3 -3
1+x+x2

(3(-9)

=1(1—2>_2(1+x+x2)

9 3
_1 1+2D+3D2+ 14x+x2
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—1{(1+ + 2)+2(1+2)+12}
oL TrTXT Y ) +3@2)
1 2+13 +13 20
=g¥ tgxt5 (20
Hence, the general equation is
5, X2 13 13
Y=(C1+sz)ex+?+?x+? (05)

iii).

(D2 —=2D + 1)y = x%e*
The auxiliary equation is
(m?-2m+1)=0

(m-1)?%=0 (05)
So complementary function is
YC = (Cl + sz)ex (05)

Where C;, C, are arbitrary constants.
Particular Integral is
x%e*
(D2-2D+1)
1

— X 2

- D+ 20+ D +1]"

Y, =




x4—
Yp = e* <E> (10)

Hence, the general equation is

4
Y=(Ci+Crx)e* + €e* <x >(05)

12
1v).
&+ = Cos x + e*sinx + xe?*
dx? Y

(D? + 1)y = Cos x + e*sinx + xe?*
The auxiliary equation is

m?2+1)y=0
sm = +i (05)
So complementary function is
Y. =(Cicosx+ C,sinx) (05)
Where C;, C, are arbitrary constants.
Particular Integral is
1
Y, = W(Cos x + e*sinx + xe?*
1 1 v 1 2y
Yp = mcosx + me sinx + mxe (30)
Y=Y,+Y, (05)
02) (a)
d’y = dy
—=+4—+ 13y = 34e3*
dx? * dx 13y ¢
Take the trial function
yr = e3*
dyr
=3 3x
dx ¢

9 x e3* + 12 x e3* + 13 ot e3¥ = 34 « e3*¥
(34 x —34)e3* =0

Since e3* # 0,x=1,y; = e3¥ (10)
The auxiliary equation is

(m?+4m+13)=0

wm=-2+3i (05)
The complementary function is
Y, = e ?*(Acos3 x + Bsin3 x) (05)

Where A and B are arbitrary constants.
The General solution is
Y = e ?*(Acos3x + Bsin3 x) + e3* (05)



(03)

(b)
Particular Integral is
1

Y, = (DZ+2D= 2)551n3x
1 .

Y, = D+20 -1 5sin3x
v = 171 1 1 ]5 3
”_gz(D—n (D +2) 1smx
Y, == in3x — ———= sin3
» 3:(D—1)Sm X D+2) sin x]
Y, = > exle_xsiandx—e‘leez"siniﬂxdx]
p g: D D
Y, = 3 exfe‘xsin?)x dx—e‘zxfezxsin Bxdx]

5: e~ * 2x
Y, = §_exﬁ(— sin 3x — 3cos3x) — e™* 3 (gsin 3x — cos3x)
Y, = o[ in3 3cos3 ! 2sin 3 3cos3 ]
p = 3_150( sin 3x — 3cos3x) 13( sin 3x — 3cos3x)
Y, = 3% 130 [— 13sin 3x — 39cos3x — 20sin 3x + 30cos3x]

1
=73 (—33sin 3x — 9cos3x)
(—11sin 3x — 3cos3x)

= T (20)
The auxiliary equation is
m>+m-2)=0
m+2)(m—-1)=0
sm=-—-2andm=1 05)
The complementary function is
Y, = Cie™* + C,e* (05)

Where C; and C,are arbitrary constants.
The General solution is

1
Y=Cie 2+ Ce* + %(—11 sin3 x — 3cos3x) (05)
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(b)
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i). F(t) = cos®at

L{F(t)} = f e Stcos?at dt

cos2at+1
—st
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[f e St cos 2at dt + f e‘“dt]
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_ s?+2a° I
~ s(s? +4a2)( )

ii).F(t) = e 3'sin 5t

L{F()} = f e Ste 3tsin5t dt

0

L {sin5t} = 175

L {e 3tsin5t} = m(lS)

iii). F(t) = te 3!sin 5t
L{F(t)} = f e Stte 3tsin5t dt

0
L {e 3tsin5t} = >
(s+3)2+25
We know that f(s) = L{F(t)}
= f'(s) = —L{tF(t)}
. L{te 3tsin5t} = —i(;>
h "~ ds\(s+3)2+25
= —5(=1[(s +3)? + 25]7%2.2(s + 3)
10(s + 3)

“ T3 25 )

(04)
(a)i).y”" =3y’ =10y =2 ,y(0) =1,y'(0) =2
Take the Laplace transform on both sides:
Let L {y(t)} = y(s) , and then
2
s?y(s) —sy(0) —y'(0) — 3(sy(s) — 1) — 10y(s) = T

sty(s) —s =2 —=3(sy(s) — 1) — 10y(s) = g

2 s?2—s+2
(52—35—10)y(s)=;+s—1=T
s?2—s+2
y(s) =s(sz—3s—10)
s?2—s+2
Y®) = 5 The D
s?—s+2 A B C

SG-5G+2) s -5 E+2
_ A(s* =35 —10) + B(s? + 25) + C(s* — 55)
B s(s=5)(s+2)
Sets=0,Weget —10A =2, A=-1/5
Sets=35,  35B=22,=B=22/35
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Sets=—-2,Wegetl14C =4,>C=2/7

o -2+ (B) (20

i).y" +9y' =cos2t ,y(0) =Cy,y'(0) =C,
Take the Laplace transform on both sides:

s?y(s) = sy(0) —y'(0) + 9y(s) =

s?+4
Since y(0) = C1,y'(0) = C,
2 — —_ =
(s +9)y(s) —sC, — C, 214 2
s s+ (5C, +Cy)(s* +4)
(SZ + 9)y(s) = m + SCl + CZ = 152 +24
s+ (sCy + C)(s? +4)
}’(5) = 2 2
(s24+4)(s?*+9)
1
1s (c.-3)s+c
y(s) =

+
5(s? +4) (s?+9)
Taking inverse Laplace transforms,

1 1 C, |
y(t) = T Cos 2t + (Cl - —) cos 3t + 3 sin 3t (25)

5
(b)
n!
ny —
Lit"} = sn+1
Ifn=1,
[ee] e—st 0 [oe]
L{t} = f te Stdt = +—f e Stdt
—S S
0 0 0
—1 . o
= Ze‘s == =R.H.S.
S o S

Hence true for n=1.
We assume true for n=p.
p!
~ L{tP} = s
Then we want to show that true for n=p+1
From Laplace transform of integral (Theorem 1.5)
If L{F(t)} = f(s), then

LU F(t)dt} = @

Therefore,

L{t"*" 1} =(p + 1)L{f tPdt}



_ @+ DfE)

I
(p+ )L{ p}_(p+1) p!
Sp+1)
(p ¥ 1)!
NCES))
Here true for n=p+1 (20)

Hence by the mathematical induction result true for any positive integer n.
(b) 1).

25 =5 2s =5
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s—2 1 3
(s—2)2+9) 3 (s—2)2+9

1

= 2e?* cos 3x — §ezx sin 3x

2x

®

[6¢cos 3x — sin 3x](25)

o

ii).
e
s(s +2)3
1 A B C D

sG+2° s G G2 Gr2?
=A(s+2)3+B(s+2)’s+ C(s+2)s + Ds

Sets=0,—84 =1,—=A4=1/8
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Sets=1,=>27A+9B+3C+D =1
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3B+C =5 (1)
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